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Abstract

We consider the Navier-Stokes equation on a two dimensional torus with a random force, acting
at discrete times and analytic in space, for arbitrarily small viscosity coefficient. We prove the
existence and uniqueness of the invariant measure for this system as well as exponential mixing
in time.

1 Introduction

A convenient mathematical model for the study of homogenous isotropic turbulence is to consider
the Navier-Stokes equation subject to a random stationary (in space and time) forcing. The tur-
bulent situation is modelled by a smooth force, i.e. one whose Fourier transform decays fast for
large wave numbers. One is then interested in various properties of the correlation functions of
the velocity field in a stationary state of the ensuing stochastic process. An obvious first question
concerns the large time convergence to such a stationary state starting from an arbitrary initial
condition of the velocity field, i.e. the uniqueness of the stationary state. In this paper we prove the
existence, uniqueness and exponential mixing of the stationary state in the case of two dimensional
turbulence.

We consider the Navier-Stokes equation for an incompressible velocity field u(t,x) defined on
the torus T = (R/27Z)%:

ou+ (u-V)u—vAu=f—Vp (1)
supplemented with the incompressibility condition

V-u=0. (2)
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The external force f(¢,x) consists of random kicks at discrete times
£(t,x) = 3 e 2mkg (1) (3)
keZ?
with

B(t) = 3 8(t = n)fic. (4)

neZz

The random variables fy , will be taken Gaussian, with mean zero, fi = f_i and covariance

Ef2(m) 1 (n) = 81 10m,n0° oxc.

Furthermore, we will assume ¢g = 0, which implies the vanishing of the average force over the
torus: [ f(¢,x) = 0. Assuming also zero average initial velocity [ u(0,x) = 0 we conclude that
Jpu(t,x) =0 for all times ¢.

It is convenient to solve the incompressibility condition (2) by expressing the Navier-Stokes
equation (1) in terms of the vorticity w = 0jua — d2u; which satisfies the transport equation

Ow ~+ (u- V)w —vAw =g, (5)

where g = (‘91f2 - 82f1.
Going to the Fourier transform wy(t) = (27) 72 [ e’**w (¢, x)dx with k € Z2, we may solve the
velocity in terms of the vorticity as

ux = Z—(_kl;;kl)
and write the vorticity equation as
Dy = vk wy + Z (k x D1 2wy + Z 6(t —n)gx(n) (6)
1€22\{0,k} nez

where k x 1 = kyls — l1ko and gx(n) are Gaussian with mean zero, gx = ¢g_k and covariance

Egc(m)gi(n) = k,—10m,n k-
with
Y = Kok
We assume

ble= v Kl <y < e K] (7)

where k., > 0, and we think of b as being large. We will be interested in the turbulent region v — 0;
therefore, when it is convenient, we will always assume below that v is small enough, although our
results hold for all v.

Before stating our result, we need some definitions. First, we define the enstrophy as (a multiple
of) the square of the L? norm

| 1
=3 |wkl* = 3llwl[7a. (8)
K

Next, we fix a number r > 1 and consider the Banach space

Q={wllwl = Slliplwk\lkl" < oo}

as our probability space, with B the product o-algebra. Note that € is a subspace of L?.



Finally, due to the analyticity (with probability one) of the noise, w(t) also will turn out to be
analytic with probability one and it will be useful to introduce norms capturing this property. For
any positive number x, we define a norm (that we shall call the x-norm),

-1
llwl[ = Sup e[| eI, (9)

Functions with ||w||, < oo are analytic in a x~! neighbourhood of the torus. The factor |k|" is
useful technically (and was already used in [5]).
The stochastic equation (6) gives rise to a Markov chain w(n), n € N defined by

wn+1)=F(wn))+gn+1) (10)

where F' is the map at time 1 of the Navier-Stokes flow (6) without the forcing. We denote by
P(w, E) the transition probability of this chain.
Our main result is the

Theorem. The Markov chain (10) is defined on (2, B) and has a unique invariant measure p
there. It satisfies

/ Lol zomti(dw) < Cexp(—cv'i#) -
for any o > 1+r, and C,c < 0o, depending on o. Moreover, Yw € Q and VE € B, we have,
P! B) = w(B)| < Clw)e™ 12

where m = m(v) > 0 for all v, and C(w) < C(W)C_

Remark 1. Since || - ||« < || - ||x for & > &, (11) holds for all £"-norms with £’ > & too, including
the norm || - || defining €, which corresponds to k' = co. Estimate (11) means that with high
probability w is analytic in a v?®-neighbourhood of the torus and bounded there by v'=2¢. By
taking r close to 1, a can be taken close to 2.

Remark 2. Here and below, we denote by C' or ¢ a “generic” constant that can vary from place
to place, even in the same equation.

Remark 3. We obtain a lower bound on m in (12) of the form m > exp(—Cvr—3(logr~1)°)
(see Proposition 2 and Lemma 4 below), which means, however, that our estimate on the rate of
convergence is unphysically small for v small.

Let us finish this section by a brief comment on previous work on the uniqueness question.
There is a long history of proofs in cases that do not correspond to the turbulence problem. Either
the forcing is taken to decay very slowly for large |k|, i.e. with a lower bound of the form |k|7P
(see [3] and references therein), or the viscosity is taken large [6]. The only proof of uniqueness we
know of in the turbulent situation is the recent one [4] where one considers a model like ours but
with bounded noise (each gx has compact support).

The proof of the Theorem, given in Section 4, will be based on probabilistic estimates (Section
3) and on properties of the deterministic Navier-Stokes equation, which we discuss now.

2 The deterministic Navier-Stokes flow.

In this section we derive some properties of the flow of the deterministic Navier-Stokes equation, i.e.
(6) without the forcing term gi(t). Let us define a family of subsets of 2 that impose constraints
on the size of the L?-norm and of the x-norm:

Uk, ¢, A) = {w|® < ¢, |jw]lx < A} (13)



Then, we introduce a one-parameter subfamily of U(k, ¢, A):
U, =U(k, ¢(k), A(K)) (14)

where, ¢(k) = 1/2g0/<c% and A(k) = vak. This family is useful because, as we shall see, the flow
maps one Uy in that family into another one with a smaller k. The parameter o will be taken to
satisfy « > 1+ 7 and ¢ and a will be chosen small depending on some “geometric” constants that
will appear in the course of the proof. Thus, if w € Uy, then for all k we have

lwi| < uaﬁ\k\_re_“71|k‘ (15)
and
o < 1/290/{% (16)

Let now
B K
"~ 1+ nrtmin(l, k)

K(t) (17)

where 1 will be chosen suitably small below, and denote also by w(t) the solution of (6) without
the forcing term gk (t).

Proposition 1. (a) Let w(0) € U, then for all 0 <t <1, w(t) € Uyy-
(b) Suppose w(0) € Q with ||w(0)|| < Dv. Then w(1) € Uy for k = C(D* 4 ).

v

The point of part (a) of this Proposition is that the domain of analyticity of the solution of the
unforced Navier-Stokes equation increases with time and its L? and k-norms decrease with time.
Part (b) says that, even if w(0) is not analytic, but belongs to €2, the solution after time 1 is analytic
and its L? and k-norms are bounded in terms of the norm of the initial data in . Our proof of
Proposition 1 is inspired by [5] (see also [1]).

For the proof we rewrite (6) (without forcing) in integral form

t
wi(t) = e w (0) +/ ds "= ST (ke x DI (s)wi(s) (18)
0 1€22\{0,k}

and solve this in a suitable Banach space.
Let Y, be the Banach space equiped with the norm || - ||, and

Xz ={w e C%0,7], V) | llwll = Sup w (@)l < oo} (19)
c|0,7

We have the following existence lemma.

Lemma 1. Let w(0) € U, then the solution w of equation (18) exists in the set Xy, for 7 <

(CV%I{)_Q. Moreover, |||w||| < 2vak.

Proof. Let

and write (18) as a fixed point equation
w(t) = w'(t) + N(w)(t) = F(w)(t) (21)

with

Nie@)) = [ dse0% S0 e DI e a(s)ens). (22)
1€Z2\{0,k}



We show that the map F is a contraction in the ball
B={we Xpr| |l[lo—u] <var} (23)

Let us first show that F maps B into itself. Obviously, |||w°]|| < vax and if w € B, then
|||w]|| < 2vak, which means,

lwic(£)] < 2var|k| e O K, (24)
We must prove that ||| N(w)||| < vak, i.e.
|Ni(w)(8)] < var|k| e Okl (25)

for all k € Z*\0 (recall that Ny = 0 for k = 0) and for all ¢ € [0, 7].
Inserting (24) and |k x 11|72 < [k|[1] 7! in (22), we get:

t
\Nk(w)(t)\ < (21/a/£)2]k| / ds €(s—t)uk2 Z e—n(s)*l‘k—l\e—n(s)*lm ’k o 1|—r|1‘—r—1 (26)
0 1€22\{0,k}

Writing (17) as x(t)~! = k! + nut min(1, k)x !, we obtain, since k # 0 means |k| > 1, that

(s — tvk* < (s — )r|k| < (k(s)™" = w(t)~")|K| (27)

N =

holds for 0 < s <¢ <1 and n < %. Since —|k — 1] — [I] < —|k| and

Yoo k=1 <O (28)
1€22\ {0k}

(since r > 1), we get

[ Nie(w) (t)]

IN

t
C(2Z/a/£)2|k|(/ dse%(sft)”kQ)|k‘—7“e—'i(t)*1\k\
0
= Cu(2ak)2(2Jk| 7 (1 — e 3 [k | e n O K (20)

Since |k|71(1 —e_%t”kz) < (l/t)%, (25) follows for 7 < (Cu%ﬁ)_2. The contractive property is proven
similarily. Thus we obtain a unique solution of (21) in B, which satisfies (24), hence [|w|| ) < 2vak,

vt < (Cu%/{)_Q. O

Proof of Proposition 1. (a) It suffices to show that the solution constructed in Lemma 1 on the
interval [0, 7] satisfies the two bounds of the Proposition there: the one on the x(t) norm of the
solution w and the one on its enstrophy. This implies trivially that the solution can be extended
to the whole interval [0, 1] and satisfies also there the bounds of the Proposition.

The bound on the enstrophy is easy to prove; as is well known, the enstrophy satisfies

d
72@) =~ > vk wi|* < —vd(t)
k0

leading to ®(t) < ®(0)e~"*. Since e ** < (1 4 nvt min(1, /-c))_% for n small, we get
D(t) < 1/2g0/<c(t)% (30)

i.e. the claim of the Proposition concerning ®(t).
To prove the bound ||wl|,) < vak(t), we consider separately the cases x < 1 and x > 1.
If k < 1, it is enough to use the bound (29) which, since |k| > 1, gives

|Nie(@)(#)] < varA(1 — e FVE) k|7 er® i, (31)



where A can be chosen arbitrarily small by decreasing a. Now inserting this bound and
N P N O ) (32)
which follows from (27) with s = 0, in (21), we conclude that
Jwic(t)] < var(e T p A1 — e T K| e rO TR < et K| e m O 7K (33)
since
e F A1 - e PR < (14t min(1, 8)) 7, (34)

which holds, since |k| > 1, for A and 7 small enough and 0 < ¢ < 1. Inequality (33) is the claim of
part (a) of the Proposition concerning the (t) norm of the solution, namely |w()| ) < var(t).

Turning to £ > 1, fix a number 1 < § < 27+ (recall that @« > 1 4 r) and consider first
1<kl < ke Using

[V

w()] < (20(1)% , (1) < v2pr(t)s,

we get immediately,
wi®)] < (20%0)Fh(t) < var(t)[k| e O IK (35)

for ¢ small enough and ¢ < 1 since |k|" < K < k% and k(t) k| < 1.
To conclude the proof, it suffices to show

| Nie(@)(8)] < varA(1 — e~ 2 k| rer® Ikl (36)

5
for |k| > ko since we may then proceed as in (32-34).

Consider first the case k& < |k| < k. We bound |k x 1||1|72 < |k||1]~! and split the sum in (22)
into

C >+ 20 Dlwials)lleals) K17 = By + Bs. (37)

021 <l 1> B
In the first sum, we bound, using Lemma 1,
lwk-1(s)| < 2vaklk —1|7" < Crvaklk|™"

since |k — 1| > %|k|. Then Schwartz’ inequality and (30) yield

_ 1 1 _o\ 4 1 1 1
Yol < @Pp)Fra (Y (1717 < Crp? ke (log [k|)? (38)
o<yl o<yl

Combining these two bounds, we get
S < Cv2[k|p? ka (log k|)  arlk| " (39)

For the second sum, we use |wi(s)| < 2vak|l|™" (coming from Lemma 1 again), together with
(30) and Schwartz’ inequality to bound it by

So < Okl rman( S T2 < OV lk|pt Raan|k] (40)
14k, 1> L&



Inserting (37), (39) and (40) into Ny(w)(t) and performing the integral over time, we get the bound

[Nielw)()] < Cvp* s (log [K|)* k71 (1 — ™ )an|k| "
< Cl/eH"”cp%/ién*g(log /'43)%(1 — e_%thQ)aﬁ\k\*ref’ﬂ(t)fl‘H (41)

B
where we used ko < |k| < k and
1< efﬁ(t)_1|k|el+?71/

which holds since |k| < & and, see (17), x(t)~! < kx~}(1+nv) if 0 < ¢t < 1. Thus we obtain (36) for
© small enough, because § > 1, logz < 1z for x > 1 and € > 0.

Finally, in the case |k| > x the bound (29) yields immediately (36) for a small. This finishes
the proof of part (a) of Proposition 1.

For part (b), we can proceed as in Lemma 1, but replace ax by D and in the definition (19)
#(t) by 2. The inequality (27) is then replaced by %(s — t)vk? < 4(s — t)v|k| and the proof goes
as before to the conclusion

lw(®)ll5 < 20D (42)

for t < (CV%D)_Z = 7. We want to rewrite this bound in the form ||w(7)||x < vak, for a suitable
k. If7 <1, ie. D>C"'w ¥ we have 2 = CD? and we can write (42) as |lw(T)|l, < 2vD where
p = CD? (remember that C is allowed to vary). Choosing now xk = Cp = C’'D?, we obtain (since
D is bounded away from zero, hence D < C'D?) that ||w(7)||. < vak. Applying now part (a) yields

the same claim for w(1). For 7 > 1ie. D < Cl ¥ we get [|w(1)||2 < 2vD < C, given the bound

on D; so, |w(1)||x < vak, with k= €.

Finally, for the enstrophy, we have, by (30),
D(t) < (0) < 2CD? < VPpr®
if we take k > C'D®. Since a > 2, taking k = C(D* + %) gives an upper bound covering all cases,
ie. w(l) € Us. O
3 Probabilistic estimates.

We define a region U = U,,-», where p > %a, and in which the solution of (6) is confined with high
probability. Let us divide the transition probability into a likely and unlikely part:

Pw,F)=Q(w,E)+ R(w, E) (43)
where
Qw,F)=xu(w)P(w,UNE). (44)

The following Proposition about the dynamics in U and the unprobability of excursions outside U
will play a central role in the proof of our uniqueness result?.

Proposition 2. (a) There exist constants ¢,C < oo, ¢ > 0, such that for allw € U, E € B,
Q' (w, E) — Q'(0,B)| < 4e™™ (45)

where m > exp(—Cr3(logr=1)¢) and t < Im~'v=9, with q = %p —4>3.
(b) There exists ( <1, ¢ >0, C < 00, such that Yk > 0, for allw € U,; and for ' > (k,

?Here and below, the kernel AB(w, E) is defined in the obvious way by f Alw,dw")B(W', E).



P(w,US) < Cexp(—cr*s'a) (46)

The proof of (45) is based on a standard argument for exponential convergence of Markov chains
(given in Doob [2]), and the idea is fairly simple. If ) was a genuine transition probability, it would
be enough, in order to prove the Proposition, to show that ) has good mixing properties. The
precise properties are stated in the Lemmas below.

First, Lemma 2 says that, for any point in U there is a nonzero probability to go in a finite
time to a smaller region U C U determined by the covariance of the noise and thus by Ky

U = Usw, 4 pv- (47)

where p > 0 will be chosen below (sufficiently small)3. This is an easy consequence of Proposition
1. On each time interval, the solution increases its domain of analyticity (which is determined by
K, i.e. Kk decreases); then, if the “kicks” of the noise are sufficiently small (but not too small, so
that this event is not too unprobable), the solution reaches U in a finite time (of order v~!logv—1).

Secondly, we show in Lemma 3 that, in the region U, the stochastic dynamics is sufficiently
mixing; this is again due to the fact that the deterministic Navier-Stokes evolution increases the
domain of analyticity of the solution.

Third, the fact that @ is not a bona fide transition probability is what limits the Proposition
to finite times. For longer times, we will need to have some estimate on the probability of escaping
the region U, which follows from part (b) of the Proposition. Indeed, the latter implies, using (43,
44) and taking xk = k' = v~P that, for all w € U,

P(w,U¢) = R(w,Q) < e ™" (48)

with ¢ = %p — 4 > 3 (remember that p > Za and that v is small).

Lemma 2. There exist constants ¢,C < 0o, such that Vw € U,
P10, 0) = exp(~Cv—(logv™1)°) (49)
with Ty = Cv~tlogr—1.

Lemma 3. There exist constants c,C < oo, such that, Vw,w' € U, VB C U,
P(w, B) + P(s,U\B) > exp(—Cv~*(log 1 1)?) (50)

Lemmas 2, 3 imply that there exist
§(v) = exp(—Cr3(logv™1)°)

and
T=T)=Cvr tlogr!

with C, ¢ < 00, such that Yw,w € U and VB C U,

PT(w,B) + P (', U\B) > 6(v) (51)
which implies in turn, since U C U, that Vw,w’ € U and VB C U,

PT(w,B) + P (', U\B) > §(v) (52)

This the main inequality that we shall use now.

3Similar ideas were used by Kuksin and Shirikyan in [4].



3.1 Proof of Proposition 2.

We start with the proof of part (a), where we shall use (48), which is a consequence of part (b), to
be proven independently below.
To get (45) we follow, with slight modifications, an argument in [2], p. 197-198. Let

Q(t)E) = inf Qt(w,E), @(tvE) = sup Qt(w>E)'
— welU welU

Fix w,w’ € U and consider the function defined on subsets £ C :
¢w,w’(E> = QT(W,E) - QT("‘/: E)

Let S* be the set such that 1, »(E) > 0 for E C ST and ¢, (E) <0 for E C U\ST =S~ (5*
depend on w,w’, but we suppress this dependence). Observe that writing, see (43), P = Q + R,
and using (48), we have, for any w € U, E C (Q, that

[P (w,E) = Q" (w, B)| = IEQtRPT‘t‘l(w7 E)| <Te™ " = Se(v). (53)
t=0
Then,
Y (ST) + Yo w (S7) = QT (w,2) — QT (W, Q)] < e(v). (54)
since PT(w, Q) = PT(w',Q) = 1. Moreover, using (53, 52),
Yow (57) = Q" (w, 5%) = QT(w', 57)
<1—(PT(w,87) + PT(W,5) + e(v) <1-6(v) +e(v). (55)

Thus,

Qt+T.E) - QU+ T, E) = sup [ (Q7(w,du") - QT (', )@ (", )

= sup [ o (d")Q' (", B)
Sup(¢w,w’(5+)§(t7 E) + ww,w’(s_ )Q<t7 E))

w,w’

IA

< (1=0(v) +eW)(Q, E) = Q(t, E)) + €(v)

where, to get the last inequality, we write 1y, (S7) = =V w (ST) + Y (ST) + 1y o (S7), bound
Yo (ST) by (55), [Yhww (ST) + Y (S7)| by (54) and use Q(t, E) < 1. We conclude that, for
e(v) < d(v),

e(v)
d(v) —e(v)

Recall that §(v) = exp(—Cv~3(logr=1)¢) and that T = T(v) = Cv~tlogr~!, hence, see (53),
e(v) < e V", so, since we assume v to be small and ¢ > 3, part (a) of the Proposition follows.

Q" (w, E) — Q"(0,E)| < Q(nT,E) — Q(nT,E) < 2(1 - §(v) + e(v))"* +

Let us now prove part (b). It suffices to assume x > Cv~2“ since the LHS of (46) is bounded
by one. Using (10) for n = 0, we have

lwD)ler < [[F(w(O) e + lg(1) Il (56)
and

(1) = 3llw(D)lI72 < IF@ODIZ: + gL (57)



and, by Proposition 1, we know that, if w(0) € Uy, F(w(0)) € Uy(1), with x(1) = 1% (recall that

1+nv
k > Cv=2* > 1 here). Then, letting ¢ = (14 )" 2 < 1, we get, for &’ > (r, that

_1
2

| F(w(0)]ls <1+ 771/)7%1/(1/@’

and ) ,
IF(w(O)Z2 < (1 + )~ avier's.
Now, assume that g(1) satisfies, VKk,

k(1)) < e1?w/w b K| ()2, (58)

with €; small (depending on 7 but independent of v and ). Then, we get that w(1) € U, using
the upper bound in (7) and the fact that, for v small, ¥’ > (x > C(v~2* is much larger than 2.,

Hence, the probability in (46) is bounded by the probability that at least one of the inequalities
in (58) is violated. Since the gi’s are Gaussian random variables with covariance vk, this event has
a probability less than:

1—[[(1 - Cexp(—CEA ()b k), (59)
k

For v4(x/ )% large, each exponential in the product is small. The factor |k|? controls the sum over
k of exp(—Ce%y4(/§’)%b*1|k|2), sum which is small for V4(/€/)% large enough, and therefore (59) is
bounded from above by 1 — (1 — exp(—cu4/<;’%)), i.e. by the RHS of (46). O

3.2 Proofs of Lemmas 2 and 3.
Proof of Lemma 2. Let w(0) € U, C U and consider (10) for n = 0. Choose g(1) such that, Vk,
(D] < ear?e> Kb (0%, (60)

JFrom Proposition 1, (60) and (7), one obtains,

_ —1 ||
lwic(1)] < var(1)|k| e DKl 4 ¢y 2peavikl oy G (61)

Then, from (17), one gets, for any p > 0, by choosing €1, €2 small enough, that I\ < e~ < 1 such
that, Vk,

lwic(1)] < var!|k| e =) K (62)

with £’ = max(Ak, 2K, + pv).
;From (30), (57), (58), one also easily obtains that

and thus that w(1) € Uy. Thus,

1
> T[] P(1gk(1)] < erve b3 (1) %),
k

Now, since the gi’s are Gaussian random variables with covariance i, we have that,

P(lgic(1)] < e1v2e2 b2 (4)3) > 1 — exp(—ce2vteeeviklp=1y (63)

10



for [k| > Cv~'logv~!, if C is chosen so that bv~—* < e2/%l (note that the product over such k’s of
the RHS of (63) is strictly positive uniformly in v), while for [k| < Cv~'logv1,
Pllgi(1)] < er’e™ b () ) 2 P(gi(D)] < ewr’b* () ) = O (64)

which follows from the fact that the gy’s are (complex) Gaussian random variables with covariance
Yk and therefore that

€k
) > / 2rdr > CV4
0 Tk -

D=

P(lge(1)] < e1*b™ % ()

with ¢ = 61V2b_%(’}/k)%.

The bound (64) readily implies that there are constants C, ¢; < oo such that Yw € U,,
P(w,U) > exp(—Cv2(logr=1)<). (65)

Since U = U,-p, and since s decreases by a factor A < 1 at each step, as long as Ak > 2Ky + pv,
one may iterate the above argument and reach U = Uay. 440, see (47), in a time less than T (v) =
Cr~tlogr~!, Yw(0) € U. Therefore, the claim of the lemma follows (with a different C' than in
(65), and with ¢ = ¢1 + 1). O

Proof of Lemma 3. Let wyg € U and B C U. Since the gi’s are Gaussian random variables with
covariance 7, we have,

dw /\dw |wie—Fic(wo) |2
Pl B) = [ [T %5 oxp( -ty (66)

where we recall from (10) that F'(wg) denotes the value at time 1 of the solution of (18) with initial
condition wy. In view of Proposition 1, and the definition of U = Uty +pv, We can bound, Vwy € U,

L
|Fic(wo)| < Crae 2 eIkl = ¢, (67)

provided we choose p sufficiently small so that

1 4+ nvmin(1, 2k~ + pv 1
Ui ( YT P ) > _— 4o
2K~ + pv 2K~

Thus, we can bound |wi — Fk(wo)|? < (Jwk| + ex)?; this gives a lower bound on (66) independent
of wy and we may use this bound on each term of the LHS of (50), with wyp = w,w’. We get that
the LHS of (50) is bounded from below by

do Ndw (o] Fex)?
/ H 2l:rz'ykk Vi ) (68)
In order to estimate that latter integral, observe that, by (7), w € U = Usk. +pv provided that, Vk,
il < eveMhH (1) = & (69)

if we take €1, €5 small enough. Thus, by restricting the domain of integration, we get a lower bound
n (68):

T [ 22 exp(- ) (70)

k

Each factor is bounded from below by

1-— C’E—k — exp(—cetv?eel (p)~h) (71)
Tk
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for |k| > Cv~tlogr=!. To bound the product over those k’s of the factors given by (71) by a
strictly positive constant, independent of v, observe first that the last term is summable over k,
for |k| > Cv~'logr~—! and that the sum is small. Moreover, using (67) and the lower bound in (7),
we get,

2

;—k < Cabv? exp(—2pv|k|). (72)
k

Then, (72) is also summable over k, for |k| > Cv~'logr~! and the sum is also small. Finally, for

k| < Cv~tlogr™!, each factor in (70) is bounded from below, using (7, 69), by C [j* &= > Cv?,
which yields the claim of the Lemma. O

4 Proof of the Theorem.

We deduce the Theorem from Proposition 2.
Let us choose a number € small enough and a time 7, large enough, i.e 7 = em~'v ™9 so that

(45) is less than 5. Then, for T" an integer multiple of 7, write

PT(w,E) = (P7)7 (w, E). (73)
Next, let
m(w,E) =7(FE)=Q"(0,E) (74)
and
R(w,E) = P"(w,E) — Q" (w, E)
R(0.B) = Q7w B) ~ Q(0.E) = Q" (w, E) — n(E) (75)
r(w,E) = Rw,E)+ R (w,E) (76)

One may then write

We can expand (7 + 7“)% in powers of 7:

(7T+T)%:Zﬁkler...’]Tkl—i-’l“gEzl—i-T (78)
k;

where the sum X! runs over k; > 0, S k; = % and collects all the terms with at least one factor .
Now observe that, using (77) with T'= 7, we have that

rw,Q) =P (w,Q)—7(Q2)=1—-7(Q) =1-Q7(0,U)
is independent of w; hence, by (74),
(rm)(w, dwe) = /r(w,dwl)w(wl,de) = r(w, Q)m(dws) = (1 — Q7(0,U))m(dws) (79)

is also independent of w. From this, we conclude that, since there is at least one factor « in each
term of X1, ¥ (w, F) = B1(W/, E), Yw, W', VE, and, using (77), that

|PT(w, E) — PT(W, E)| < |r~ (w, B)| + |r~ (/, E)| (80)

where the RHS is controlled by:

12



Lemma 4. For T an integer multiple of T,
r* (@, B)| < Clw)e ™ (81)

where m = m(v) > exp(—Cr~3(logv=1)¢) and where C(w) < C(W)C, for C,c < 0.

To conclude the proof of (12), it is enough to show that limp_.., PT(0, E) = u(E) exists. And,
to prove that, we write, for T' > T",

\PT(0,E) — PT'(0,E)| < / PT=T"(0, dw)|PT" (w, E) — PT'(0, E)|. (82)

We may write the integral as an integral over U plus a sum over kK € N, k > v~ P, of integrals over
Uy41\Usx and, combining (80), Lemma 4, C(w) < C(1&fye < o(llelletlye vy and (46) (which
implies a similar bound for P7=7°(0,U¢,)), we bound (82) by

Ce ™" (y=Hhe 4 Z K¢ eXp(fc/I/LIi%) < Cw)e ™ (83)
KEN,kK>V—P

which proves the existence of limr_,o, PT(0, F). Finally, the bound (11) follows from (46), for &
large, and we bound the LHS of (11) by 1 for x small. O

Proof of Lemma 4. Define, for n > 0,
U(TL) = Ug—ny—p,

(so that U = U(0)) with ¢ < 1 as in Proposition 2, and define V' (n) by V(n) = U(n)\U(n — 1), for
n > 1, and V(0) = U(0). Next, let

Pmn = sup [r(w,V(n))l,
weV(m)

where 7 is defined in (76). Observe that we have the following bounds on py,,:

poo < €
Pmn < exp(_cé-nyfq) nz=m
Pmn <4 n<m (84)

where £ = Cfi > 1. To check this, use, for m,n = 0, (53) to bound R and (45) to bound R'. For
the second inequality, n # 0, only P contributes to 7 and the bound follows immediately from (46),
with x’ = ¢!""v P (remember that q = %p —4). Finally, for n < m, we use the fact that r is the
sum of four terms, each less than 1.

Write now
N-1
N (w, B) = / I1 #(wi, dwis1)x(wy € E) (85)
i=0
with wg = w, and insert a decomposition of the identity for each i =1,..., N
1= Z X(w; € V(ny)).
n; >0
This leads to
N-1
sup sup[rV (W, E) < Y [T pnins =D pnn: (86)
wel(ng) F n

()N, ,m;>0 =0
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Note that the RHS describes "random walks” on nonnegative integers, where only steps strictly
down (n;+1 < n;) are not suppressed. To estimate it, write p = d + u where d is the "down” part
of p, i.e. the matrix whose elements are given by p,,, with n < m and zero otherwise, and u is the
rest ("up”). We shall first prove the simple estimates

Yodh, <C™" k<m (87)

and zero otherwise (where the restriction £ < m comes from the fact that the indices of d,,, must
be positive and, whenever d,,, # 0, must satisfy n < m), and

> (W d ) < (CEFF (88)

n

Indeed, (87) is estimated by

-1 .
> dmny e dny_n <Y 4’“—4’“Z(k 1>§4k2

ni...ng Z pi<m =k
1 1=
with p; = n;—1 —n; > 1, ngp = m, yielding the claim since k < m. To prove (88), write

lcl
d mn_zumm m'n

<m’

where the constraint in the sum comes from the second inequality in (87), and note that u® , is
bounded by (€)¥ if m = m’ = 0 and by

exp(—cg™ v~ ) (7!

otherwise (both bounds following from (84) and the fact that, by definition, ., = 0, unless

m > n). The bound (88) follows by combining these with (87), since [ < m’, we can therefore use

the factor exp(—c£™ v~9) and v small to obtain the factor ét! in (88) (€ is a fixed small number).
Inserting (87), (88) into

pN U + d Z dlo k1 dl1 ksdls
where [; > 0, [; > 0 for ¢ # 0, s, we obtain the bound

2 Pgn < CTET.

where € comes from the fact that we have no € bound on d', but we can use Iy < ng.
This proves the Lemma, if we choose in (81)

1
m = ——logCé = —ecm™ '™ %log C€ > exp(—Cr>(logv™1)¢)
T

(given our choice of 7 at the beginning of this section, our bound on m in Proposition 2, and
changing the constants), and, for w € U(ng), choose C(w) = (C€)~"; indeed, let, for w € Uy, ng
be the smallest integer such that x < (7™ v~P; then, ny < Clogk and C(w) < Ck®. Moreover,
from part (b) of Proposition 1, we know that, Vw € Q, F(w) € Uy, with k < C((HWH) + %), S0,
altogether, C(w) < C(W)C. O
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