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Ergodicity and Mixing for
Stochastic Partial Differential Equations

J. Bricmont*

Abstract

Recently, a number of authors have investigated the conditions under
which a stochastic perturbation acting on an infinite dimensional dynami-
cal system, e.g. a partial differential equation written as an infinite set of
differential equations coupling the different modes, makes the system ergodic
and mixing. In particular, one is interested in finding minimal and physically
natural conditions on the nature of the stochastic perturbation. I shall review
recent results on this question; in particular, I shall discuss the Navier-Stokes
equation on a two dimensional torus with a random force which is white noise
in time, and excites only a finite number of modes. The number of excited
modes depends on the viscosity v, and grows like v™2 when v goes to zero.
As I shall explain, this Markov process has a unique invariant measure and is
exponentially mixing in time.
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1. Introduction

Homogenous isotropic turbulence is often mathematically modelled by Navier
Stokes equation subjected to an external stochastic driving force which is stationary
in space and time and ”large scale”, which in particular means smooth in space. The
status of the existence and uniqueness of solutions to the stochastic PDE parallels
that of the deterministic one. In particular, in two dimensions, it holds under very
general conditions.

However, for physical reasons, one is interested in the existence, uniqueness
and properties of the stationary state of the resulting Markov process. While the
existence of such a state follows with soft methods [22], uniqueness, i.e. ergodic and
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mixing properties of the process has been harder to establish. In a nonturbulent
situation, i.e. with a sufficiently rough forcing this was established in [7] and for large
viscosity in [18]. The first result for a smooth forcing was by Kuksin and Shirikyan
[10] who considered a periodically kicked system with bounded kicks. In particular
they could deal with the case where only a finite number of modes are excited by the
noise (the number depends both on the viscosity and the size of the kicks). In [2], we
proved uniqueness and exponential mixing for such a kicked system where the kicks
have a Gaussian distribution, but we required that there be a nonzero noise for each
mode. In this paper, we extend that analysis to the case where only finitely many
modes are excited, and the forcing is white noise in time. An essential ingredient
in our analysis is the Lyapunov-Schmidt type reduction introduced in [10], that
allows to transform the original Markov process with infinite dimensional state
space to a non-Markovian process with finite dimensional state space. We apply
standard ideas of statistical mechanics (high temperature expansions) to this process
to deduce mixing properties of the dynamics. While preparing this manuscript we
received a preliminary draft [6] that claims similar results, using a somewhat more
probabilistic approach. We thank these authors for communicating us their ideas,
some of which helped us to simplify our arguments, especially in Section 8 below.

We consider the stochastic Navier-Stokes equation for the velocity field u(t, x) €
R? defined on the torus T = (R/21Z)?:

du+ ((u-V)u — vV>3u + Vp)dt = df (1.1)
where f(¢,x) is a Wiener process with covariance

Efa(t, ) fs(t',y) = min{t,t'}Cap(z — y) (1.2)

and Cqg is a smooth function satisfying ) 0oCap = 0. Equation (1.1) is supple-
mented with the incompressibility condition V-u = 0 = V - f, and we will also
assume that the averages over the torus vanish: [ u(0,2) =0 = [ f(t,z), which
imply that [ u(t, ) = 0 for all times ¢.

It is convenient to change to dimensionless variables so that v becomes equal
to one. This is achieved by setting u (¢, z) = vu/(vt, ). Then v’ satisfies (1.1), (1.2)
with v replaced by 1, and C by

C'=uv3C.

From now on, we work with such variables and drop the primes. The dimensionless
control parameter in the problem is the (rescaled) energy injection rate +tr C’'(0) ,
customarily written as (Re)® where Re is the Reynolds number:

1 _
Re = e5v 1,

and € = +tr C(0) is the energy injection rate in the original units (for explanations
of the terminology see [8]).

In two dimensions, the incompressibility condition can be conveniently solved
by expressing the velocity field in terms of the vorticity w = Oyus — Oouy. First
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(1.1) implies the transport equation
dw + ((u- V)w — VZiw)dt = db, (1.3)
where b = 91 fo — 02 f1 has the covariance
Eb(t, 2)b(t',y) = min{t, t'}(2m) " 1y(z — y)

with v = —2mv 3 AtrC.
Next, going to the Fourier transform, wy(t) = 2 [ e* Ty (t, x)dx, with k €

Z2; we may express u as up = =2, and write the vorticity equation as

22
dw(t) = F(w(t))dt + db(t), (1.4)
where the drift is given by
Fw)g = —Kwy, + % Z —klljiélk2 Wk W] (1.5)
1€Z22\{0,k}

and {b;} are Brownian motions with by = b_; and
Ebk (t)bl(t/) = min{t, tl}dk,_l Yk -

The dimensionless control parameter for the vorticity equation is

R= " v =2my(0) (1.6)

keZ?

which is proportional to the w injection rate, and also to the third power of the
Reynolds number. We will be interested in the turbulent region R — oo; therefore,
we will always assume below, when it is convenient, that R is sufficiently large.

For turbulence one is interested in the properties of stationary state of the
stochastic equation (1.4) in the case of smooth forcing (see [1] for some discussion of
this issue) and, ideally, one would like to consider the case where one excites only
a finite number of modes,

Ww#0, k> <N,

with N of order of one. In this paper we assume that N scales as
N = KR, (1.7)

with x an absolute constant fixed below. We take all the other v;, = 0, although
this condition can easily be relaxed. Let us denote the minimum of the covariance
by

p = min{|y| | [k]* < N}.

Before stating our result, we need some definitions. Let P be the orthogonal
projection in H = L?(T) to the subspace H, of functions having zero Fourier
components for |k[? > N. We will write

w=s+1
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with s = Pw, I = (1— P)w (respectively, the small k and large k parts of w). Denote
also by H; the complementary subspace (containing the nonzero components of [).
H is our probability space, equipped with B, the Borel o-algebra.

The stochastic equation (1.4) gives rise to a Markov process w(t) and we denote
by P!(w, E) the transition probability of this process.

Our main result is the

Theorem. The stochastic Navier-Stokes equation (1.4) defines a Markov process
with state space (H,B) and for all R < oo, p > 0 it has a unique invariant measure
u there. Moreover, Yw € H, for all Borel sets E € Hs and for all bounded Hoélder
continuous functions F' on H;, we have,

| [ PHodeel) @) - [ ulde e P < C@IFle™ (19

where m = m(R, p,a) > 0, ||F||q is the Holder norm of exponent a, and C(w) is
a.s. finite.

Remark 1. In a previous paper [1] we have shown that, with probability 1, the
functions on the support of such a measure as constructed here are real analytic.
In particular all correlation functions of the form

[ ) TT 9 uler)

1
exist.

Remark 2. The parameters in our problem are R and p. All constants that do not
depend on them will be generically denoted by C or ¢. Besides, we write C'(X,Y, Z)
for a “constant” depending only on X,Y,Z. These constants can vary from place
to place, even in the same equation.

We close this section by giving the outline of the proof and explain its connec-
tion to ideas coming from Statistical Mechanics.

Let us start by observing that, if we neglect the nonlinear term in (1.4-1.5),
we expect |w]|| to be of order R* . for typical realizations of the noise (R% is the
typical size of the noise, and the —k?wy, term will dominate in eq. (1.4) for larger
values of |lwl||). It turns out that similar probabilistic estimates hold for the full
equation (1.4) as shown in Section 3. Now, if ||lw|| is of size RY, the —k%wy term
will dominate the nonlinear term (which is roughly of size |w||?) in eq. (1.4), for
|k| > kR¥, and one can expect that those modes (corresponding to [ above) will
behave somewhat like the solution of the heat equation and, in particular, that they
will converge to a stationary state.

Thus, the first step is to express the [-modes in terms of the s-modes at
previous times. This is done in Section 2 and produces a process for the s-modes
that is no longer Markovian but has an infinite memory. In Statistical Mechanics,
this would correspond to a system of unbounded spins (the s-modes) with infinite
range interactions, with the added complications that, here, the measure is not given
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in a Gibbsian form, but only through a Girsanov formula, i.e. (2.10) below, and
that time is continuous. Hence, we have to solve several problems: the possibility
that w be atypically large, the long range “interactions”, and finally, showing that
a version of the s-process with a suitable cutoff is ergodic and mixing.

The large w problem is treated in Section 3, using probabilistic estimates de-
velopped in [1], which, in Statistical Mechanics, would be called stability estimates.
The infinite memory problem is treated in Sections 4 and 5, which are inspired by
the idea of “high temperature expansion” in Statistical Mechanics, namely writ-
ing the Gibbs measure or, here, the Girsanov factor, as sum of products of factors
having a finite range memory and which become smaller as that range increases.
However, in the situation considered here, carrying out this expansion requires a
careful and non standard partition of the phase space (explained in Section 4). The
problem is that, even though for typical noise, hence for typical w’s, the -modes
depend exponentially weakly on their past (see Section 2), thus producing, typically,
“interactions” that decay exponentially fast, they may depend sensitively on their
past when the noise is large. In the language of Statistical Mechanices, atypically
large noise produces long range correlations.

This problem of sensitive dependence is coupled to the last problem, that of
the convergence of the s-process with finite memory to a stationary state. We have
to get lower bounds on transition probabilities and we can prove those (see Section
8) only when the s-modes remain for a sufficiently long time in a suitable region
of the phase space; thus, if we did not control the sensitive dependence, we would
not be able to carry out that last step. Finally, in Section 7, we prove the bounds
on our “high temperature” expansion and, in Section 6, we use that expansion to
prove the Theorem. Note that, because we deal with a stochastic process, we never
have to “exponentiate” our expansion, unlike what one would usually has to do in
Statistical Mechanics (i.e., the analogue of the partition function here equals 1).
The choice of x in (1.7) is explained in Remark 2 of Section 4.

2. Finite dimensional reduction

We will use an idea of [10] to reduce the problem of the study of a Markov
process with infinite dimensional state space to that of a non-Markovian process
with finite dimensional state space.

For this purpose, write the equation (1.4) for the small and large components
of w separately:

ds(t) = PF(s(t)+1(t))dt + db(t) (2.1)
LU = (1= PYF(s(t) + (1), (2.2)

The idea of [10] is to solve the [ equation for a given function s, thereby defining
I(t) as a function of the entire history of s(t'), ¢ < ¢t. Then the s equation will have
a drift with memory. Let us fix some notation. For a time interval I we denote the
restriction of w (or s, [ respectively) to I by w(I), and use the boldface notation
s(I), to constrast it with s(t), the value of s at a single time. | - || will denote
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the L? norm. In [1] it was proven that, for any 7 < oo, there exists a set B, of
Brownian paths b € C([0, 7], Hs) of full measure such that, for b € B, (1.4) has
a unique solution with ||w(t)|| < oo, ||Vw(t)|| < oo for all ¢ (actually, w(t) is real
analytic). In particular, the projections s and [ of this solution are in C([0, 7], Hy(;)
respectively.

On the other hand, let us denote, given any s € C([0, 7], Hy), the solution
- whose existence we will prove below - of (2.2), with initial condition [(0) by
1(t,s(]0,t]),1(0)). More generally, given initial data (') at time ¢’ < 7 and s([t/, 7]),
the solution of (2.2) is denoted, for o < 7, by I(o,s([t’, o]),1(t")) and the correspond-
ing w by w(o,s([t',0]),l(t")). The existence and key properties of those functions
are given by:

Proposition 1. Let I(0) € H; and s € C([0,7], Hy) . Then I(-,s([0,1]),1(0)) €
c(o,7], H)) n L*([0, 7], H}'), where H} = H; N H', and H' is the first Sobolev
space. In particular,

sup [[I(¢,s([0,¢]),1(0))| < C(R,tsup sl [12€C0)11) (2.3)

tef0,7] €[0,7]

where the notation C(R,sup,cio - |||, [[1(0)]]) is defined in Remark 2, Section 1.
Moreover, given two initial conditions ly,ls and t < T

112, 8([0, %)), 11) — U(£,8([0, 2]), l2) || < exp {HRtJra/o |IVW12} 1 =Ll (2.4)

where a = (2m) 723" |k|=* and wy(t) = s(t) +11(t,s([0,1]),11). The solution satisfies

1(t,s([0,¢]),1(0)) = 1(t, s([7 1]), L7, 5([0, 7]), 1(0)))- (2.5)

Now, if s = Pw with w as above being the solution of (1.4) with noise b € B,
then the I(s) constructed in the Proposition equals (1 — P)w and the stochastic
process s(t) satisfies the reduced equation

ds(t) = f(t)dt + db(t) (2.6)
with
f(t) = PF(w(t)). (2.7)
where w(t) is the function on C([0,t], H,) x H, given by
w(t) = s(t) + U(t,s([0,1]),1(0)) (2.8)

(2.6) has almost surely bounded paths and we have a Girsanov representation for
the transition probability of the w-process in terms of the s-variables

PH(w(0), F) = / 0y (A5) F(w(2)) (2.9)
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with
Ni(o) (ds) = efot(f(f)w’l(dS(T)*%f(T)dT))Vz(O)(ds) (2.10)

where Vz(o) is the Wiener measure with covariance v on paths s = s([0,t]) with

starting point s(0) and (-,-) the ¢? scalar product. We define the operator y~1 in

terms of its action on the Fourier coefficients:

Fy7 =D sl (2.11)

[E|2<N

The Girsanov representation (2.9) is convenient since the problem of a stochas-
tic PDE has been reduced to that of a stochastic process with finite dimensional
state space. The drawback is that this process has infinite memory. In Sections
4 and 5 we present a formalism, borrowed from statistical mechanics, that allows
us to approximate it by a process with finite memory; the approximation will be
controlled in Section 7, while the finite memory process will be studied in Section
8. This analysis is mostly done in the s-picture, but an important ingredient in it
will be some a priori estimates on the transition probabilities of the original Markov
process generated by (1.4) that we prove in the next Section.

3. A Toy Model

In order to explain the main ideas in the proof, I will consider first a ‘toy
model” and then explain the steps needed to control the full model.

Let us counsider variables x; € [0,1], ¢ € Z whose probability distribution is
determined by conditional probability densities p(x¢|X[_o—1]) i.e. by the proba-
bility density of the variable z¢, at time ¢, given a ‘past history’ x|_o ¢—1), where
we write, for I C Z,x;(z;)¢er € [0,1]7.

Before stating precise assumptions on p, here is what we want to prove: 3C <
0o, m > 0 and a probability p on [0, 1] such that VE C [0, 1],

Ip(rr € E|X|_0) — P(E)] < Ce ™ (3.1)
for all T > 0, and all x[_ gj. Where
1t
parlxi-o) = [ ] dowtoixne Vi) (32)
0 =1
Now let us give our assumptions on p; obviously, we assume that:
P(z¢)[X[—o0,t—1)) = 0 (3.3)

and

1
/ drep(24)X[—oot—1]) = 1 (3.4)
0
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Moreover, we assume that p(-|-) is invariant under translations of the lattice Z, in
a natural way. The non-trivial assumptions are:
a) Let, for s <t — 2,

0sp(X[s,1)) = P(T4)X[s41,4-1]00) — P(T¢[X[s,.—1)V 0) (3.5)

where x;V o denotes the configuration equal to x; for ¢ € I and equal to zero
elsewhere. We assume that 3C' < 0, m > 0 such that Vs,t € Z

165]] < Cexp(—m(t — s)) (3.6)
b) Define, for T > 1, the Markov chain on = [0,1]7 by
P(xpy 7y (%1410 [ [ P(x0)[X(e-7.6~11V 0) (3.7)
t=1
We assure that this Markov chain satisfies : 36 > 0,VB C Q,Vs,s’ € Q,
P(B|X)+ P(B°X') >4 (3.8)
where § is independent of T

Proposition. Under assumptions a) and b) above, (3.1) holds.
To prove this, we first use a result of Doob:

Lemma For a Markov chain satisfying (3.8), there exists a probability distribution
p on ) such that Vs € QVB C Q,Vn > 1,

[P"(Blx) = P(B)| < (1-4)" (3.9)

Proof. Let P(B,n) = supg P"(B|x|) and P(B,n) = infs P"(B,x). B
It is clearly sufficient to prove the bound (3.9) for the difference |P(B,n) —
P(B,n)| and, for that, we shall prove:

0<P(B,n+1)—P(B,n+1) < (1-6)P(B,n)—P(B,n) (3.10)
Define a function on subsets of :
Uy x (E) = P(E|x) — P(E|X) (3.11)

and let s (resp. s~) denote the set where Uy x/(E) > 0 for E C sT (resp. <0).
We have:

P(B,n+1)—-P(B,n+1)= sup/(P(dx"|x) — P(dx"|x")P™(B|x")

x,x’

= Sup/‘I’x,x' (dz")P™(B|x") < sup(Vxx (sT)P(B,n) + Uy x (s~ )P(B,n))(3.12)

x,x/ x,x/
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By definition, ¥x x/(s7) = =Wy x(sT). Also, for any set 3 C 2, (3.8) implies
Uy x (F)=1—(P(E°x)+ P(E|x'|) <1-4.
Now, let us write each factor in (3.3) as
()X~ o0,t—1)) = P(@t[X[t—rt—1)VO) + Z 0p(X[s,17), (3.13)
|s—t|>T

where 7 will be chosen later, insert this in the product, and expand: we get

T—1
P(T7)X[—o0,0]) = Z Z/Hdxtnép(x[SO,t])Hp(xt\x[t_m_l]Vo) (3.14)

IC[1,T] s tel te1

where the sum over I corresponds to the choice in (3.13) between the first term and
while the sum over s = (s;)¢e7 corresponds to the choice of a term in that sum.

Now, let [ = U[st,t] and let
tel

L, TN =% L (3.15)

where each J; is a union of interval of length 7, and each I; is an interval of length
less than 7 between two connected intervals in I or between one such interval and
an interval J;.

Fix one interval J; = J, and write it as a union of disjoint intervals of length

T J = U K, with Ky = [t,t + 7].
t=jo

We have, by definition (3.7) of p:

Jn—1
/ H H dxvp(xs)x[s—ns—l]vo) = Pn(Xan|XKjO) (316)

t=jo+1seK;
Now write this as
P"(xk,,xk,,) — P(xx,,) + P(xk,,) (3.17)

where P is defined by (3.9), insert that identify in (3.14) for each J; and expand
the product over 1.
Write then

P(Tr|X[—000) = Q + R (3.18)

where @ collects all the terms in the resulting sum where at least one factor P(xg;, )
appears and R all the rest. It is easy to see that the presence of a factor P ‘decouples’
xr from the initial conditions x[_ o], so that if we consider the difference

P(r7[X[—o0,0)) — p($T|Xffoo,O]) (3.19)
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only the R sum enters.
So, if we show that, 3C' < oo, m > 0 such that

|R| < Ce~™T (3.20)

VX[_o0,0], We obtain that the absolute value of (?7) is exponentially small and, from
that, (3.1) easily follows.
Using the bound (3.6) on d;p and (3.9) on

|P"(Xan

ijo) - P(Xan) ’

and (3.4) for the remaining integrals (for ¢ € UI we get:

|R\<ZZHe mit= St'H (1—6)™) (3.21)

s tel

where there is a factor in the product for each interval J; in (3.15), and where

n; > ‘i—l‘ — 1. Since the length of each I, in (3.15) is less than 7 and since such
intervals are always adjacent to a connected component of I, the number of intervals
I, as well as the number of intervals J; in (3.15) is less than |I|, and we can bound,
for ¢ small (3.21) by:

ZZHGW (t=s0) (g) (D) (1 — §)(T=1TD/7 (3.22)

s tel

Since by definition of I, Z|t — s¢| > |I|, we can bound the sum in (??) by
tel

wﬁzzn sl ()] (3.23)

s tel

where

2 27777777

77, = min (E M) (3.24)
Now, choose 7 so that

o e lielsn (3.25)

[t—s|>T
with
(1+n) <e™? (3.26)

which is possible since, from (3.26) we use that, for large 7, n = exp(—O(7)) while
from (3.23), m = O(7~1).
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We use (3.24) to control the sum over each s; in (?7?), and we get

25) <e ™ > (@l <@+ wpT e T (3.27)
IC[1,T]
and, using (3.25), we get (??) with m = 5, and C' = 1.

This completes the proof of (??) and of the Proposition.

Now, let us turn to the real model, and make a list of the difficulties not
present in the tay model. The first one is that time is continuous rather than
discrete, but that is a minor problem. We can easily introduce a discretization of
time. A more serious problem is that one deals with what are called “unbounded
spins” in statistical mechanics or what is also known as a “large field problem”,
namely the variables s; in (??), which play a role similar to the variables x; here,
take value in R rather than [0,1] (actually, if we consider the variable s over a
unit time interval, they take values in a space of functions from that interval into
RY). And, what really causes a problem, is the fact that the bounds (3.6), (3.8) do
not hold when the variables s take large values. However, as we shall see in the next
section, this is unlikely. Thus, before doing an expansion as in (??, ?7), we must
first distinguish between time intervals where the s variables are large and those
where they are small. Then, putting a side lots of technicalities, we perform the
expansion (3.14) in the latter intervals and use estimates like (?7) below to control
the sum over the large field intervals.

Finally, there is an additional difficulty coming from the fact that the definition
of the probabilities here involve a Girsanov representation. In statistical mechanics,
one usually deals with situations where the probabilities (3.3) are of the form

P&t X[—ooi—1) = exp() _ b1(ar)) (3.28)

tel

where the {¢;} represent a “many body interactions’ (suitebly normalized). Then,
a bound of the form

[61]] < exp(—m diam (I)) (3.29)

is enough to obtain (3.6). But here the probabilities are not of that form, because
of the term fot f(r)y~tds(r) in (27).

4. A priori estimates on the transition probabili-
ties

The memory in the process (2.6) is coming from the dependence of the solution
of (2.2) on its initial conditions. By Proposition 1, the dependence is weak if
fot [Vw]||? is less than cR for a suitable c. We localize the time intervals where this
condition holds by inserting a suitable partition of unity in the expression (2.9).
We shall show (in Section 8 below) that, during such time intervals, the s process
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behaves qualitatively like an ergodic Markov process. In this section we show that
the complementary time intervals occur with small probability.

Let us first explain the partition of unity. We define, for each unit interval
[n — 1,n] = n, a quantity measuring the size of w on that interval by:

_1 2 2
D, =3 igg”w(t)u +/n||Vw(t)|\ dt. (4.1)

Let {¢x } ken be a smooth partition of unity for R, with the support of ¢, contained
in [2¥R, 282 R] for k > 0, and in [0,4R] for k = 0. Set, for k € N?,

Xi(@) = [ [ 6r. (Dn(w)). (4.2)
We insert 1 =), xx in (2.10), to get

10 (ds) =D Xachtl o) (ds). (4.3)
k

The following Proposition bounds the probability of the unlikely event that
we are interested in:

Proposition 2. There exist constants ¢ > 0, ¢/ < oo, By < oo, such that for all
t,t', 1 <t<t and all B > By,

t'—1

P Du(w) 2 BRI~ t]|w(0)) < exp(gc/e™ |w(O)]*) exp(—cBlt — ) (4.4)

In order to prove Proposition 2, we need some Lemmas. We will start with a
probabilistic analogue of the so-called enstrophy balance:

Lemma 3.1. For all w(0) € L?, and all t > 0,
E[eﬁuw(onz ‘w(())] < gedre 1w (O (4.5)

and

P(|w(®)])? > Dlw(0)) < 3¢~ dremre IO (4.6)

Remark. This Lemma shows that the distribution of ||w(t)||? satisfies an exponen-
tial bound on scale R with a prefactor whose dependence on the initial condition
decays exponentially in time. Thus, if ||w(0)|? is of order D, ||w(t)|* will be, with
large probability, of order R after a time of order log D.

Proof. Let z(1) = A(7)|lw(7)||? = A7) >y |wk|? for 0 < 7 < t. Then by Ito’s
formula (remember that, by (1.6), >~, v = R and thus v, < R, Vk):

LEE"] = BN e =22 KB A+ 202 ilwr e
k k k

< E[(AM' =2+ 2\R)z + AR)e"] (4.7)
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where F denotes the conditional expectation, given w(0), and where we used the
Navier-Stokes equation (1.3), |k| > 1 for wy # 0, and the fact that the nonlinear
term does not contribute (using integration by parts and V - u = 0). Take now
A7) = #el™ D sothat A < 27, M1 =1, M7 =24+ 2 R < —1 and AR < L. So,

—FE[e*] < E[(- — %z)ez] <

dr — 4 E[em]

1
2
where the last inequality follows by using (1 — 2x)e* < 2 — e*. Thus, Gronwall’s
inequality implies that:

E[emm} <e 140 49 < 3670
i.e., using the definition of A(7),

T—t

e e !|w(0)]?
E[eXp( AR R

This proves (4.5) by putting 7 = ¢; (4.6) follows from (4.5) by Chebychev’s inequal-
ity.

5. Partition of the path space

Consider the expression (4.3) for the measure p. Given k, we will now de-
compose the time axis into regions where the equation (2.2) may have sensitive
dependence on initial conditions and the complement of those regions. Motivated
by Proposition 2, let us consider, for time intervals L, the expressions

=y 2" (5.1)
nCL

Let T be a number to be fixed later (in Sections 6-8), depending on p, the minimum
of the noise covariance. Define

BIL| i |L|> 3T
AlL) :{ BT if|L| < 3T (5:2)

0 is a constant to be fixed later (see Remark 2 below). Call the time intervals with
end points on the lattice TZ T-intervals, and, for an interval L = [m,n], let L be
the smallest T-interval containing [m,n] . Consider the set £ of intervals L such
that, either

YL > B(L), (5.3)
or L =[(n—1)T,nT], so that
oknt > BT, (5.4)

where 3 < 3 is a constant also to be fixed later (see Remark 2 below). Let L
be the union of all L with L € £. We call the connected components of L large
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intervals and the T-intervals of length T in its complement small intervals. Note
that intervals of length T can be either small or large (those of length at least 2T
are always large). Hence, we introduce labels small/large on those intervals. By
construction, two large intervals are always separated by at least one small one.

Remark 1. “Large” and “small” refer to w(J) being large or small, not to the size
of the interval. We use this slightly misleading terminology for the sake of brevity.
1, are the natural random variables entering in the sensitive dependence estimate
(2.4) and whose probability distribution was studied in Proposition 2. Since the
estimate (4.4) involves the initial condition at the beginning of the time interval we
consider and, since this initial condition is the size of w at the end of a time interval
where (5.3) is violated, we need to be sure it does not dominate the bound (4.4).
For that reason, we include in our set of unlikely events also the ones defined by
(5.4).

Remark 2. The three constants in our construction, &, 3, entering (1.7), (5.3)
and (5.4) are fixed as follows: 5’ > G(, 8 > 8(8’) and k > k(f).

Remark 3. The virtues of this partition of phase space can be seen in Lemma 4.1
and 7.4 below. The bound (??) and Proposition 2 will imply that large intervals
are unprobable. On the other hand, (??) and (??) will allow us to show that the
argument of the exponential in (2.4) is less than —cRT, when the interval [0,¢] is
replaced by an interval strictly including one of the intervals constructed here. This
property will be essential in order to obtain bounds on the terms of the expansion
constructed in the next Section.

Taken together, the small and large intervals form a partition 7(k) = Jy, ..., Jy
of the total time interval [0,¢]. We arrange them in temporal order and write
Ji = [’7’2‘,1,’7'2‘] with T0 = 0, T™TN = t.

In order to obtain the analogue of what in Statistical Mechanics is called the
high temperature expansion, we need to write the sum in (4.3) as a sum of products
of independent factors. As a first step in that direction, we would like to express
the sum in (4.3) as a sum of partitions 7 = (J1, ..., J,) of [0,¢] into T-intervals and
sums over k; € N”/i. However, a moment’s thought reveals that the sum over k
creates correlations between the different k;. E.g. J; being small is a very nonlocal
condition in terms of k: nowhere in the whole interval [0, ¢] can there be a k,, large
enough to create a L € £ that intersects J;. Given an arbitrary T-interval J and
k € N7, we may define, in the same way as we did above for [0, t], the partition 7 (k)
of J into small and large intervals. In particular, w(k) = {J} means, if |[J| = T,
that k is such that J is small or large depending on the label on J and, if |J| > T,
that k is such that J is large.

Consider now the sum (4.3). Let w(k) = {Ji,...,Jy}. Define the Girsanov
factor

g5, (w) = els T O dsO-EF®)dD) (5.5)

where we recall that f(¢) and w, given by (2.7) and (2.8), and thus g;,, depend on
the whole past i.e. on s([0,7;]) and [(0). Let k; € N’i be the restriction of k to J;,
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let us denote by xy, the corresponding product (4.2), and let

e, (d5(3)) = Xae, 90,V L(e(ds(T;)). (5.6)

We can then write
N
Xkl oy (ds) = [ ] e, (ds (). (5.7)
i=1

Let 7 be a partition of [0,¢] into T-intervals with labels “small” or “large” on the
ones of length T. Let us define, for such a labelled T-interval J, 1;(k) to be the
indicator function for the set of k € N7 such that 7(k) = {J} (ie. if |[J| =T 1,
is supported on k so that J is small or large depending on the label and if |J| > T
on k so that J is large). For two adjacent T-intervals J, J' let 1;:(k,k’) be the
indicator function for the set of (k,k’) € N7 x N“/'| such that v, < B(L) for all
L c J U J" which intersect both J and J’. Using Lemma 4.2, we may then write
eq. (4.3) as

N N-1
oy(ds) = Zkzl:( 1:[11& (ki) i, (ds(J;)) 1:[1 Ly, g (ki ki) (5.8)

Note that this expression has a Markovian structure in the sets J;, but each pu,
depends on the whole past history. In the next Section, we shall decouple this
dependence.

6. Decoupling

By decoupling we mean that we shall write /‘Z;(o) as a product of measures
whose dependence on the past extends only over two adjacent intervals, and correc-
tions. To achieve that, consider py,, for ¢ > 2; remember that [0,¢] is partitioned
into intervals J; = [1;—1, 7;] with 7o = 0, 7y = t. Fix j < 4, and introduce the drift
with memory on [r;_1,1] :

[fi(t) = PF(w;(t)) (6.1)

where
w;(t) = (s(t), 1(t,s([rj-1,]), 0))

is the solution of (2.1, 2.2), with initial condition I(7;_1) = 0. We denote by g;; the
Girsanov factor gz, (w;) (given by (5.5), with f(t) replaced by f;(t)). Note that it
depends only on the history s([7;_1, 7;]).

Since the characteristic function yy, also depends on the past through the w
dependence of (4.2), we need to decouple this too. We let

Xiij = [] k. (Dnlw)). (6.2)

nCJ;
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We can now define the decoupled measure for j = 2,...,7 — 1:
Ji
e (d()[s([75 -1, 7i1])) = Xae g (ds(:); (6.3)

this measure is defined on the paths on the time interval J; and depends on the
past up to and including the interval J;. To connect to (5.7), we write, for i > 3, a
telescopic sum

i—2
P, = fci1 + Y (M = Piejb1) = Y fiiej s (6.4)
=1 =

where by definition pk,1 = pk,; note that this term is the only one depending on
1(0). For i = 1,2 we will set by convention j; = ¢ — 1, s([7—1,79]) = w(0), and define
Pk, j; = Ik, Inserting (6.4) into (5.8), we get

N N-1
:u’i;(O)(dS) = Zkzk Z]:[11Ji(ki)lu’ki,ji(dS(JiHS([Tji*hTifl])) ]:[1 1JiJi+1 (kl7kl+1)(65)

One should realize that the leading term in the sum (6.5) is the one with all j; = i—1
and k such that the partition 7(k) consists of only small intervals. Indeed, pu, ;,
with j; # ¢ — 1 describes the change of uk, under variation in distant past. This
will be shown to be small as a consequence of Proposition 1 and Lemma 4.1. On
the other hand, the occurrence of large intervals will be shown to have a small
probability, using Proposition 2.

The first Proposition controls the unlikely events of having either A", n > 1,
or pux with |K| > 2T (or both):

Proposition 3. There exists ¢ > 0, ¢ < oo, Ty = Tp(p, R) < oo such that,
VT > Ty, and for |K| > 2T, orm >2, orm=1 and |K| > T,

sup sup /|Am/LK(dO'|O‘/)| < e eUKIFT™) Oy (w(0)) (6.6)
k! s’eCy

where the sup is over k' so that Jy is small, if 0 ¢ K. Cx(w(0)) =1 i 0¢ K and
/BT el
Ck(w(0)) =e e SR (6.7)
ifoe K.
For the likely events we look more closely at i":
i dalo") = [ ldola" )" (ds" ) (6.9)
with A\ given by, see (77),

A(dsls) Z (dolo’) ZXk(s,s')P(ds|s’). (6.9)
K "
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The content of the following proposition is that A" relaxes to equilibrium:

Proposition 4. There exist § = 6(p, R) > 0, p = p(p, R) < 00, such that, VT > Ty,

sup /|/\p(ds\s’) _AP(ds|0)| <1 (6.10)

s’'eCy

7. Proof of Proposition 3
For i € Z, we rewrite p, j, (see eq. (6.4)) as

Hi i = Xkijs Gigs — Xkiji+19igi+1 = (0iX + Xkiji+10:9) i

where
0iX = Xkiji — Xkijit1 (7.1)
and
§ig=1— Jiutl (7.2)
9ij;

Introducing the probability measures

n

K

i=1

where j; =i —11if i > n —m, we can write (?77) as

x(0) < Y [ T oo T] vesceatisl [T vesmanstGdi) = 3 [ Rigans (i) (7.0
7kj ACTY icA icB ieC TkjA

where B=7Z\ Aand C={1,...,n}\Z.
Letting
0if = fitr = fiis

(7.2) can be written as

5ig = 1 — o BFOAT @O=F5, 0= [, Gf O ST Zq _ g (75

and
Six = ] @k (Du(ws)) = [T ér. (Dnlwji1)) (7.6)
nCJ; nCJ;

We will now undo the Girsanov transformation, i.e. change variables from s
back to b. Let F denote the expectation with respect to the Brownian motion b
with covariance + on the time interval K. Then,

/RijMj = ERxkja (7.7)
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where R is given by the same expression as before, but the symbols s and w;, have
to be interpreted as follows: s is the progressively measurable function of b defined
on each interval J; as the solution of

ds(t) = f;,(t)dt + db(t), (7.8)

where f;(t) = PF(w;(t)) and w;(t) = s(t) + I(t,s([rj-1,1]),0), with, for ¢ = 1,
s([7j, -1, 70]) replaced by s’(Jy), which expresses the dependence of (7.7) on s’; H;,
defined by (7.5), can be written:

H, = eln, G5 OA @)=} [, (5 077 5 (1), (7.9)

We will call the wj, (t) collectively by
wj(t) = wjy, (t) for t e J;, (7.10)

and reserve the notation w(t) for the solution of the Navier Stokes equation (1.4)
with given b(K) and with initial condition w(ry) = (s(70),(70,8'(Jo), 0)) determined
by the s’ in (?7).

Remark. wj(t) is not a solution of (1.4) on the interval K with initial condition
given at time 7. On each interval J; it solves (1.4) but when moving to the next
interval the [-part is possibly set equal to zero, depending on j.

The following Proposition contains the key bounds needed to estimate (7.7).

Proposition 5. Let b belong to the support of Ruja in (7.7). Then, there exists a
constant ¢ such that

s Bl < emerRIstdi) = ¢, (7.11)

For an upper bound for the expectation of H?, we use

Lemma 7.1. Let ((t) € C([0,t], Hs) be progressively measurable. Then

BEelo €y o)+ [5 (¢ Odt o« 200 0)8I¢] 120 (7.12)

where ||¢|| = sup,. ||¢(7)]]2-

Proof. This is just a Novikov bound: we bound the LHS, using Schwarz’ inequality,
by
(Eels 26" db)=2 [{(CaT ¢ty b pe2() Jg (¢ )ty 3

and note that the expression inside the first square root is the expectation of a
martingale and equals one.

The bound (7.11) follows from (7.13) below, using (2.4) to bound ||§1|], sup;cy, [|w(t)]| <
(2Dn)%7 and Lemmas 7.4, 7.5 to bound the exponent in (2.4).
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Lemma 7.6. Let f(w) = PF(w) andw=s+1, w' =s+1'. Then,
1 (w) = f)Il < C@R)Ilwll8t]] + 162 (7.13)
with 8l =1 —1". Moreover
1F @)l < CR)(Ilwll + [lwl?) (7.14)
Proof. We have
06) = Sl < 3 lonmpi =y o
P

which, since |k| < V&R is bounded by

VERY " |sk—p0ly + $p00k—p + Ipli—p — Ll |- (7.15)
p

Writing )l —p — Ul ), = Up6li—p + l—p6ly — 01,01k —p and using Schwarz’ inequality,
we get

(7.15) < VaR|lwlll6L)|]l + l152%)

which proves (7.13), since fi # 0 only for k < kR. The proof of (7.14) is similar.

8. Markov chain estimates

The goal of this Section is to prove Proposition 4. Although A(ds|s’) defined in
(6.9) does not define a Markov chain, because of the indicator function >, xx(s,s’),
it is close to one, at least up to the time p in which we are interested, and the proof
will be based essentially on Markov chain ideas. To see how close A is to a Markov
chain, compare it with P(ds|s’) = gJ(w)z/sT(T)(ds) (see (?7)), which is thus like A,
but without the >, xk(s,s’); the function 1 -3, xk(s,s’) is supported on k’s such
that J is a large interval. For s’ € Cs, we have |w(7)|> < 28'TR and we can use
Proposition 2 to show that there exists a ¢ > 0, such that, Vs’ € C, VB C Cs (note
that the support of A is included in Cy),

IN(B|s') — P(BJs")| < e™T, (8.1)
and
P(Cyls') > 1—e T (8.2)

Indeed, if J is large, either there is an interval L C J where (5.3) holds, and we
use (4.4) for that interval, with 0 replaced by 7, ||w(7)||? < 28'TR and 3 > C3'.
Or (5.4) holds, i.e. D,yp > B'TR, and we can use (4.4) with 0 replaced by 7 and
t =t — 1 replaced by 7 +T. Now, we state the main result of this Section:
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Proposition 6. There exists a constant § > 0, § = §(R, p) but independent of T,
such that Vs1,s89 € Cs and VB C C,

M (Bls1) + \3(B°|s2) > 6 (8.3)

Remark. The important point in this Proposition is that ¢ is independent of T
The same will be true about the constants d;, d2, used in the proof (see (?7), (?7)).

Before proving this Proposition, we use it to give the

Proof of Proposition 4. We shall use the previous Proposition and a slightly
modified version of an argument taken from [3], p. 197-198. Let, for B C Cs,

A(n,B) = inf \"(B|s), A(n,B)= sup A"(B]s).
seCs seCy

Fix s1,s2 € C, and consider the function defined on subsets B C C,:
sy 52(B) = A (Bls1) — A*(Blsa).

Let ST be the set such that s, s,(B) > 0 for B C St and 1, s,(B) < 0 for
B C C,\ST = 5~ (5% depend on sy, s2, but we suppress this dependence). Observe
that, by (8.1, 8.2), we have, Vs € Cs,

1—e T <\ (C4ls) < 1. (8.4)
(with a smaller ¢ than in (8.1, 8.2)). Then,
[Vs1.52 (ST) + sy 55 (S7) = [N*(Csfs1) — A*(Cilsz)| < e (8.5)
Moreover, using (8.4, 8.3), and ST U S~ = Cs,
Usy.s2(ST) = A2 (ST [s1) — A*(S7[s2)

<1—(A%(S7|s1) + A3(STs2)) <1 —6. (8.6)
Thus,
AMt+2,B)=At+2,B) = sup /(/\Q(ds\sl) — M\(ds|s2))\!(B]s)
= sw [t @V (Bl
< sup (V51,52 (ST)A(E, B) + s, 5, (ST)A(E, B))

= sup (w51752 (SJF)(X(t? B) - A(t’ B)) + (¢SI,S2 (SJr) + wsl,SZ (Si))

S1,S2

< (1=8(\t,B) = At,B)) + e

A

(¢, B))
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where, to get the last inequality, we used (8.6) and (8.5) and A(¢t,B) < 1. We
conclude that, Vs’ € Cj,

IA2"(Bls') — A>"(B|0)| < X(2n,B) = A(2n,B) < (1 = &)1 4+ ——

Now, choose first n sufficiently large so that (1 — &))"=t < 1%5, for some § > 0 and
then T sufficiently large so that # < 14;5. Since, with p = 2n,

[ sty = X (aslo)] < 2sup X" (BIs') ~ 3 (B,
B
(6.10) follows, with § in that equation equal to & here.

Proof of Proposition 6. First of all, observe that it is enough to prove (8.3) with
A replaced by P:

P?(B|sy) + P%(B|s2) > § (8.7)

since we can then use (8.1) and choose T large enough to obtain the same result for
A, since ¢ is independent of T'.

It will be convenient to write P?(ds;|s1) = [ P(dsy|s)P(ds|s1), where we
write s; € CF meaning s; € Cy C C([0,T], Hy) (see (?7)), and similarly s; €
C; Cc O([-2T,-T),Hy), s € C° C C([-T,0], Hy), which is the variable over which
we integrate.

Turning to the proof, we first get a lower bound on (8.7) by replacing B, B¢
by BNV™T, BENV™T, where V7V is defined by

VT ={s, € CI| D Dn(wo) < (R, Vte[1,T]} (8.8)

n=1

where ¢ will be chosen large enough below and wy(t) = s(t) + I(¢,s+([0,¢]),0). To
simplify the notation, we shall assume, from now on, that B C V* and B¢ = VT\B.

Next, we obtain also a lower bound on P?(B|s1) = [ P(B|s)P(ds|s1) and on
P?(B®|s) by restricting the integrations over s, so that we have:

(8.7) > /P(B|s)1(s\sl)P(ds|s1) + /P(Bc\s)l(s|52)P(ds|sz) (8.9)

where 1(s|s’) = 1g1;_1 g l<_1 with

Lo(s(0)) = 1([Is(0)]* < 3¢'R),

L1,0/(s([~1,0) = 1( sup [|s(t)]* < (R),
te[—1,0]

leoi(s([-T, ~1))Is) = 1w (=D|* < ¢'R), (8.10)

where w(—1) = s(=1)+I(—1,s([-T, —1)),1(-T)), with [(-T) = I(-T,s'([-2T, -T1),0),
and ¢, ¢’ are constants that will be chosen large enough below, but with ¢’ < C(¢
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for C large (¢, ¢’ play a role somewhat similar to 3, 8’ in the previous Sections, but
they are not necessarily equal to the latter).
Before proceeding further, let us explain the basic idea of the proof. To prove

(8.7), it would be enough to bound gzgg}:g > 0. We do not quite do that, but
(Bls)

first give, in Lemma 8.1 below, a lower bound on }f(B'S,) for s,s’ in a “good” set of
configurations, i.e. in the support of the indicator functions that we just introduced.
Good here means that the “interaction” (or, to be more precise, the analogue of what
is called in Statistical Mechanics the relative Hamiltonian), expressed through the
Girsanov formula (see e.g. (77?)), between the paths in C? that are in the support
of those indicator functions and those in V7T is, in some sense, bounded. This
relies on Lemma 8.5, which itself follows from the results of the previous Section.
Next, we show that the probability of reaching that good set, does not depend very
much on whether we start from s; or sz in C; (see Lemma 8.2). This is rather
straightforward, but depends on standard estimates on the Brownian bridge (see
Lemmas 8.6 and 8.7) that we give in detail, for the sake of completeness. Finally,
we need to show that the probability of the set of good configurations, as well as
the one of V', is bounded from below; this is done in Lemma 8.3. Remember that
all the bounds here have to be T-independent, since this was used in an essential
way in the proof of the Theorem (Section 6).
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